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Journal of Pure and Applied Algebra 152 (2000) 109{121
www.elsevier.com/locate/jpaa
Hecke symmetries
Phung Ho^ Ha
;
i
Hanoi Institute of Mathematics, P.O. Box 631, 10000 Boho, Hanoi, Viet Nam
Received 6 August 1998; received in revised form 27 January 1999
Dedicated to Professor David Buchsbaum
Abstract
We study Hecke symmetries and the associated Hopf (bi-) algebras, which are considered as
function algebras on the corresponding matrix quantum groups of type A. We are most interested
in representation theory of these Hopf (bi-) algebras. c© 2000 Elsevier Science B.V. All rights
reserved.
1. Introduction
Hecke symmetries generalize the classical twist operator that permutes terms in ten-
sor product, both in classical and super algebra. Recall that the twist operator maps a
tensor a⊗ b to b⊗ a, and in the case of super algebra, when a; b are homogeneous of
degree a^ and b^, respectively, it maps a⊗ b to (−1)a^b^b⊗ a. This operator satises the
braid equation (recently called Yang{Baxter equation) and its square is the identity op-
erator. Any operator satisfying these two conditions and being closed is called a vector
symmetry. More generally, if we replace the second condition by the one in which the
operator has the minimal polynomial of degree 2 with two distinct eigenvalues, then
we have the notion of Hecke symmetries.
Being motivated by the function rings on GL(n) and on GL(mjn) one associates to
each Hecke symmetry a Hopf algebra, which is understood to be the \function ring" on
a quantum group of type A. There are two classes of Hecke symmetries. The rst class
contains even and odd Hecke symmetries, to which are associated quantum groups of
type An. This class is quite well studied. The other operators belong to the second
class which are supposed to dene quantum groups of type Amjn. The knowledge of
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this class is highly incomplete. Only a very special case has been studied, namely
Hecke sums of odd and even Hecke symmetries.
One of the aims of this paper is to review the main results in the study of Hecke
symmetries (Sections 2{4, and the rst half of Section 5) and to highlight some open
problems. Some new results on non-even Hecke symmetries are given in the second
half of Section 5. In particular, we show that the quantum rank of a Hecke symmetry
should be a q-integer. The Hecke operator found by Takeuchi and Tambara serves
as an illustrative example. We only deal with general structure of the Hopf algebras
associated to Hecke symmetries and their comodules. For other topics, e.g., dierential
calculi the reader is referred to [4,7].
The paper is organized as follows. In Section 2 we recall the denition of Hecke op-
erators and Hecke symmetries and almost all known examples of them. In Section 3 we
dene the matrix bialgebra associated to a Hecke operator and give full list of its simple
comodules in terms of the bi-rank of the Hecke operator. In Section 4 we study Hopf al-
gebras associated to even Hecke symmetries. For this class of Hopf algebras we are also
able to describe all simple comodules in terms of the rank of the corresponding Hecke
symmetry. We also compute the ribbon dimension of simple comodules. Section 5
is devoted to Hopf algebras associated to non-even Hecke symmetries.
According to 3.4 and 3.6, we can consider the quantum semi-group Mq(mjn) (q is
not a root of unity) as an abstract semi-simple abelian braided category, whose simple
objects are parameterized by partitions  such that m+1 n. The tensor product of
two simple objects decomposes into simple ones by Littlewood{Richardson rule. Let
V be the simple object corresponding to partition (1). Then the braiding on V satises
( + 1)( − q) = 0. Thus, Mq(mjn) depends only on m; n and q. From this point of
view, every Hecke operator of bi-rank (mjn) induces a functor from Mq(mjn) to the
category of vector spaces.
Analogously, according to 4.3, we can consider the quantum group GLq(n) as an
abstract semi-simple abelian braided rigid category, whose simple objects are param-
eterized by sequences of n integers in the non-increasing order. The braiding on the
simple object corresponding to sequence (1; 0n−1) satises (+1)(− q)=0. The dual
to the simple object corresponding to a sequence  is the one corresponding to −.
Every even Hecke symmetry of rank n induces a functor from this category to the
category of vector spaces.
Notation. The symmetric group is denoted by Sn. The Hecke algebra Hn over a eld
K has a distinguished K-basis consisting of Tw; w2Sn. For a transposition vi; (Tvi +
1)(Tvi−q)= 0 [2]. We use the convention of summing up by indices that appear twice.
For any n and q; [n]q := (q
n−1)=(q−1). A partition  is a sequence =(1; 2; : : : ; r)
of positive integers in a non-increasing order. [] denotes the diagram associated to 
[13].
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2. Hecke symmetries
We work over an algebraically closed eld K of characteristic zero. Let V be a
vector space over K of nite dimension d. Let R : V ⊗ V ! V ⊗ V be an invertible
operator. R is called a Hecke operator if the following conditions are fullled:
 R1R2R1 = R2R1R2, where R1:=R⊗ idV ; R2:=idV ⊗ R,
 (R + 1)(R − q) = 0 for some q 2 K, which will be assumed not to be a root of
unity other than the unity itself.
In other words, R induces a representation of the Hecke algebra Hn on V⊗n, denoted
by n :Hn ! End(V⊗n), for any n  2.
Given a Hecke operator, one can construct a braided abelian category generated by
V and R, whose objects are sub-objects of V⊗n and whose morphisms are generated
by R. Since the Hecke algebras are semi-simple, one can show that this category is a
semi-simple abelian category and is the category of nite-dimensional comodules over
the matrix bialgebra associated to R, dened subsequently. We are, however, more
interested in the rigid closure of this category, i.e., an extension of the last category,
which is rigid (every object possesses a dual object). For the last category still to be
braided, one should have a condition on R.
Let V  be the dual vector space to V . Thus, there exist the evaluation map evV :
V  ⊗ V !K and the dual basis map dbV : K!V ⊗ V  satisfying conditions (idV ⊗
evV )(dbV ⊗ idV ) = idV and (evV ⊗ idV)(idV ⊗ dbV) = idV .
We dene the half dual operator R[ of R to be the operator R[:=(evV ⊗ idV ⊗
idV)(idV ⊗ R ⊗ idV)(idV ⊗ idV ⊗ dbV ) : V  ⊗ V ! V ⊗ V . One requires this
operator to be invertible, since its inverse plays the role of the braiding on V ⊗ V .
An operator with this property is said to be closed or rigid. A closed Hecke operator
is called Hecke symmetry.
Let yn 2Hn be the central idempotent that induces the signature representation of
Hn: yn:=([n]1=q)
−1P
w2Sn(−q)−l(w)Tw. The operator Yn:=n(yn) is called the q-anti-
symmetrizer, it is a projector on V⊗n.
 A Hecke symmetry R is called even Hecke symmetry of rank r i Yr+1 = 0, and
Yr 6= 0.
One can show that, in this case, dimK Yr = 1 [5].
A Hecke symmetry is called odd Hecke symmetry of rank r i −qR−1 is an even
Hecke symmetry of rank r.
Examples
 The most well-known examples of Hecke symmetries are the solutions of the
Yang{Baxter equation of series A, due to Drinfel’d and Jimbo [8]. These are
even Hecke symmetries of rank equal to the dimension of the vector spaces they
act on. The associated quantum groups are called standard deformations of GL(n).
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Further one has multiparameter version of these solutions dening multiparameter
deformations.
 The super versions of these solutions were found by Manin [16], they dene
multiparameter deformations of the super group GL(mjn).
 Cremmer and Gervais [1] found another series of solutions which are also even
Hecke symmetries. The multi-parameter version was found by Hodges [6].
 Even Hecke symmetries of rank 2 were classied by Gurevich [5]. He also showed
that on each vector space of dimension  2, there existed an even Hecke symmetry
of rank 2, thus showing that the rank of an even Hecke symmetry may dier from
the dimension of the vector space it is dened on.
 Examples of non-even Hecke symmetries serve Hecke sums of odd and even
Hecke symmetries [12].
 Takeuchi and Tambara found a Hecke symmetry which is neither even nor a
Hecke sum of an odd and an even Hecke symmetries [23]. So far this is the only
known example of this type.
3. Matrix bialgebra associated to a Hecke operator
Fix a basis x1; x2; : : : ; xd of V . Let R
ij
kl be the matrix of R with respect to this basis.
Let Z = (zji ) be a d  d matrix of formal parameters. We dene the algebra ER as a
factor algebra of the tensor algebra over the entries of Z :
ER:=T hZi=(RZ1Z2 = Z1Z2R); (1)
where Z1:=Z ⊗ I; Z2:=I ⊗ Z . ER is called the matrix quantum semi-group associated
to R. In general, we call such quantum semi-groups to be of type A. First, we have
the following.
3.1. ([9]) ER is a coquasitriangular bialgebra.
The coproduct on ER is given by (Z) = Z ⊗ Z . The coquasitriangular structure is
given by r(zij; z
k
l ) = R
ki
jl.
ER is Z-graded, let En be its nth homogeneous component. Then En is a coalgebra
and V⊗n is its comodule, hence an En -module. On the other hand, from its denition,
R induces a representation of Hn on V⊗n.
3.2. (Schur double centralizer theorem [17]). The algebras n(Hn) and En are cen-
tralizers of each other in EndK(V⊗n).
Using standard argument we can show that to each partition  is associated an
ER-comodule M which is either zero or simple. Thus, the problem reduces to inves-
tigating for which partition  the corresponding comodule M is non-zero.
P.H. Ha
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Let n:=Im YnV⊗n and R:=
L1
n=0 
n. One can show that R is an algebra and it
is called the quantum exterior algebra associated to R [5]. In fact, it is isomorphic to the
factor algebra of the tensor algebra on V by the ideal generated by Im(R+1)V ⊗V .
Analogously, the q-symmetrizer Xn:=n(
P
w2Sn Tw=[n]q!) denes the quantum sym-
metric algebra associated to R, denoted by SR. Again, this algebra is isomorphic to the
factor algebra of the tensor algebra on V by the ideal generated by Im(R− q).
Since these algebras are graded, we can dene their Poincare series, for instance,
the Poincare series of R is P(t):=
P1
n=0 dimK(
n)tn. Thus we have three series
P(t); PS(t) and PE(t). First we have [5].
3.3. P(t)PS(−t) = 1.
The double centralizer theorem 3.2 implies:
3.4. For partitions ;  and , the multiplicity of M (the simple ER-comodule corre-
sponding to ) in M⊗M does not depend on R, in fact, it is equal to the correspond-
ing Littlewood{Richardson coecient (ss; s), where s are the Schur functions.
As a direct corollary we have the determinantal formula for computing simple
ER-comodules in terms of symmetric tensor
M = detj(M(i−i+j))1i; jk j; k = length(): (2)
Consequently, dim(M)=det j(si−i+j)1i; jk j, where sk :=dimM(k)=dimK Sk . Note that
dim(M)  0. Hence, using a theorem of Edrei [3] we have the following [20]:
3.5. P(t) is a rational function having negative roots and positive poles.
3.6. If P is the irreducible quotient of a polynomial of degree m and a polynomial of
degree n, simple ER-comodules are parametrized by partitions  for which m+1  n.
Thus, the structure of the Grothendieck ring of the category of ER-comodules is
completely described. It depends only on the degree of the numerator and denominator
of the function P, which will be called the quantum bi-rank of the Hecke operator.
Thus, for example, the bi-rank of an even (odd) Hecke symmetry of rank r is (r; 0)
(resp. (0; r)).
On the other hand, 3.2 implies dim En =
P
‘n dim(M)
2. Using the theory of sym-
metric functions (cf. [13, (I.4.3)]) we obtain:
3.7. PE(t) = exp
R t
0 (P(u)  P(u)), where P(t):=(d=dt)ln(PS(t)) = P0S(t)PS(t)−1 and 
means the coecient-wise product of two series.
Let us apply this theory to the Hecke operator found by Takeuchi and Tambara
[23,24]. The comodules theory of the associated matrix bialgebra was obtained by
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Takeuchi and Tambara using the modules theory of this matrix bialgebra. Using our
theory we can obtain directly the comodule theory.
Up to a change of basis and parameter and after being rescaled, the Hecke operator
found by Takeuchi and Tambara can be given by
R=
0
BB@
q 0 0 0
q1=2 −1 0 q1=2
q1=2 0 −1 q1=2
0 0 0 q
1
CCA :
Our parameter q is related to their original parameter as q= 2 and we dene R with
respect to the basis ff1; f2g introduced in [23, p. 417; 24]. Rescaling provides that R
satises (R+ 1)(R− q) = 0 while the original operator satises (R − 1)(R + 2) = 0.
SR is the quotient of Khf1; f2i by the relations f1f2 =f2f1 =0; and hence, Sn can
be spanned by fn1 ; f
n
2. R is the quotient of Khf1; f2i by the relations f21−f22=(q1=2+
q−1=2)f21 +f1f2 +f2f1 = 0, hence 
n can be spanned by fn1 and f
n−1
1 f2. Therefore
P(t)=PS(t)=(t+1)=(t−1), that means R has bi-rank (1; 1). According to 3:4, simple
ER-comodules are parameterized by hook partitions (m; 1n); 8m  1; n  0. This is
precisely Theorem 6.1 of [23,24]. More precisely, the comodules Sm;n of [23,24] is our
M(m;1n). The Littlewood{Richardson rule gives us
M(m;1n) ⊗M(p;1q) = M(m+p;1n+q) M(m+p−1;1n+q+1)
which is precisely Proposition 6.2 of [23,24].
Concluding this section we mention another interesting property of ER.
3.8. ([17]) ER is a Koszul algebra.
4. Matrix Hopf algebra associated to a Hecke symmetry
Let T = (t ji ) be a d  d matrix of variables. Let R be a Hecke symmetry, i.e., a
closed Hecke operator, we dene the matrix Hopf algebra associated to R to be factor
algebra of the tensor algebra over entries of Z and T :
HR:=T hZ; T i

RZ1Z2 = Z1Z2R
TZ = ZT = 1

: (3)
4.1. ([22]) HR is a coquasitriangular Hopf algebra.
The antipode is given by S(Z) = T . In fact, the closeness of R means that there
exists a matrix Pijkl such that R
jp
iq P
ql
pk = 
l
i 
j
k . Set C
i
j = P
il
jl , then S(t
j
k) = C
j
l z
l
mC
−1m
k . The
coquasitriangular structure is given by r(zij; t
k
l ) = R
ki
jl; r(t
i
j ; z
k
l ) = R
−1ik
lj ; r(z
i
j; t
k
l ) = P
ki
jl .
The structure of HR-comodules is, in general, much more complicated than the struc-
ture of ER-comodules. The best handled case is when R is an even Hecke symmetry,
i.e., when P(t) is a polynomial. This section is devoted to this special case. The
general case will be considered in the next section.
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The key point in the study of even Hecke symmetries is the following fact, due to
Lyubashenko and Gurevich [11,5]:
4.2. Let R be an even Hecke symmetry of rank r. Then rankK Yr = 1 (see 5:1) and
there is an analog of Poincare duality; that is; there exist HR-morphisms k⊗r−k !
r for all 1  k  r; which are non-degenerate as bilinear forms.
Since r is one-dimensional the coaction of ER on it induces a group-like element
D in ER called quantum determinant. As a corollary of the above fact we have
4.3. HR is the localization of ER with respect to the quantum determinant HR =
ERhti=(tD = Dt = 1).
Using 3:4 and 3:6 we see that M ⊗ r = M+(1r), hence is a simple comodule. As
a consequence we have:
4.4.
 The quantum determinant is not a zero-divisor in ER; hence; the natural mor-
phism ER ! HR is injective.
 A simple HR-comodules has the form M = N ⊗ r⊗m, where N is a simple
ER-comodule and r is the dual comodule to r .
 Simple HR comodules are parameterized by sequences of r non-increasing inte-
gers, called Z-partitions. Let M be such a simple comodule. Then M = M−,
where (−)i =−r+1−i and, if r < 0; M = M+ ⊗r⊗jr j, where +i :=i − r .
We are now going to study the ribbon dimension or quantum rank of simple HR
comodules. First we need
4.5. ([18]) HR is a co-ribbon Hopf algebra, or, in other words, HR-comod is a ribbon
category.
Recall that the notion of co-ribbon Hopf algebra is dual to the notion of ribbon
algebra [21]. Instead of considering a (ribbon) element we consider a linear func-
tional on the Hopf algebra satisfying axioms dual to the axioms for ribbon elements.
Equivalently, we can dene a co-ribbon Hopf algebra to be such that the category
of its (nite-dimensional) comodules is a ribbon category [21]. A ribbon category is
a rigid braided (strict) monoidal category having a natural isomorphism  such that
(V ) = V and V⊗W = W;V  V;W (V ⊗ W ), where  is the braiding.
To show 4:5 we have to dene a ribbon in the category HR-comod. We have
rankq R:=Cii = −[ − r] [5]. Using the Hecke equation we can show that the mor-
phism =((  evV )⊗V )  (V ⊗ (  dbV )) is equal to q−r−1  idV [7], i.e.,  is a scalar
morphism. From the general theory of ribbon categories, if V is the ribbon on V then
 −2 =  [21]. Thus V can be given by q(r+1)=2idV . Therefore the ribbon on V⊗n can
be given by V⊗n =qn(r+1)=2R2w1 , where w1 is the longest element in Gn. Once we have
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a ribbon category, we can dene the ribbon dimension or quantum rank rdim(M) of
any object M to be the image of 1 under the morphism
K dbM−!M ⊗M M⊗M

−−−−−!M ⊗M !M ⊗M ev!K:
Using the axioms of the ribbon, we have
rdim(M(k)) = qk(r+1)=2trace(C⊗kXk);
where Xn is the q-symmetrizer, trace is the usual trace. Using the equalities
Xn = [n]−1q (1 + Rn−1 +   + R1R2   Rn−1)Xn−1;
XnRi = qXn; 1  i  n− 1;
trace(C⊗nR1R2   Rn−1) =−[− r];
and the fact that C⊗n commutes with Ri; 1  i  n− 1, we can easily deduce
q−k(r+1)=2[k]qrdim(M(k))
= trace(Xk−1C⊗k(1 + Rk−1 +   + R1R2   Rk−1))
= trace(C⊗kXk−1) + [k − 1]qtrace(C⊗kXk−1Rk−1)
= : : :
= trace(C⊗kXk−1) + trace(C⊗kXk−2Rk−1) +   + trace(C⊗kR1R2   Rk−1)
= − [− r]q(trace(C⊗k−1Xk−1) + trace(C⊗k−2Xk−2) +   + 1)):
Whence
rdim(M(k)) = q−k(r−1)=2
[k + r − 1]q!
[r − 1]q![k]q!
: (4)
Using (2) and [13, Ex. I.3.1], we obtain
rdim(M) = q−jj(r+1)=2+n()
Y
2[]
[r + c()]q
[h()]q
; (5)
the product is taken over all node  of the diagram [] associated to , and c(); h()
are the content and hook-length of the node , respectively. c() = j − i if  is in
the ith-row and jth-column of []; h() counts those nodes that lie on the same row
and to the right of  and those lie on the same column and below it, including 
itself. n():=
P
i (i − 1)i. Equivalently, we have a q-analog of Weyl’s formula for
representations of GL(n):
rdim(M) = q
jj(r+1)=2−
Pr
i=1
i(r+1−i) Y
1i<jr
[i − j + j − i]q
[j − i]q
: (6)
5. Matrix Hopf algebras associated to non-even Hecke symmetries
Non-even Hecke symmetries are interpreted as analogs of the permuting operator in
super-geometry. Thus, the associated Hopf algebras should be interpreted as deforma-
tions of the general linear supergroups. Even this interpretation is somehow conjectural
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(see 5:7). Motivated by the case of even Hecke symmetries, we can propose the fol-
lowing plan in studying Hopf algebras associated to non-even Hecke symmetries.
 Dene the quantum super determinant and redene the Hopf algebra in terms of
this quantum super determinant.
 Classify co-representations of the Hopf algebra and compute their quantum ranks
as well as study their characters.
The well-known tool for dening the quantum super determinant serves the Koszul
complex (of second type) introduced by Manin [15]. This is a (bi-) complex, whose
(k; l) term is k ⊗ Sl. The dierential is induced from the dual basis map. The
cohomology group of this complex is a HR-comodule; if it is one-dimensional over K;
it denes a group-like element in HR called homological determinant or quantum super
determinant or quantum Berezinian. It remains an open question whether the homology
group is one-dimensional. The answer is armative in some special cases, namely, for
even Hecke symmetries due to Lyubasheko [10] and Gurevich [5], for Hecke sums of
odd and even Hecke symmetry due to Lyubasheko{Sudbery [12].
The description of HR in terms of the quantum Berezinian, was studied by the author
for the case of Hecke sums of odd and even Hecke symmetry [19].
The classication of simple HR-comodules, as far as I know, has not been studied.
On the other hand, for some comodules, we are able to compute the ribbon dimension.
We begin with the description of the Koszul complex. Our presentation is due to
Gurevich [5]. For this we rst have to x a notion of the dual comodule of a tensor
product (of two comodules). Since we want all dening morphisms to be HR-co-linear
and in order to avoid any braiding in the denition, for two (rigid) comodules V;W ,
the dual to V ⊗W is dened to be W  ⊗ V  with the evaluation map evV⊗W = evV 
(idW ⊗ evV ⊗ idW ).
The Koszul complex associated to R has the (k; l) term isomorphic to k ⊗ Sl, the
dierential D is given by
k ⊗ Sl ,! V⊗k ⊗ V ⊗l
id⊗kV ⊗dbV⊗id⊗lV−−−−−−−−!V⊗k+1 ⊗ V ⊗l+1
Yk+1⊗X l+1−−−−−!k+1 ⊗ Sl+1;
where Xl; Yk are the q-symmetrizer operators introduced in the previous section. One
denes another dierential D0 as follows:
k⊗Sl ,!V⊗k⊗V ⊗l
id⊗k−1V ⊗evV V⊗V⊗id⊗l−1V−−−−−−−−−−−−−−!V⊗k−1⊗V ⊗l−1
Yk−1⊗X l−1−−−−−!k−1⊗Sl−1:
Then D and D0 satisfy
(qDD0 + D0D)jKk; l = qk(rankq R+ [l− k]q):
Hence, if rankq R 6= −[l− k]q, the cohomology group at the term (k; l) vanishes.
For an even Hecke symmetry of rank r, rankq R=−[− r]q. Since k = 0 whenever
k  r + 1, we have:
5.1. For an even Hecke symmetry the cohomology group is concentrated at the term
Kr;0 = r and is isomorphic to r .
118 P.H. Ha
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Of course, an analog should hold for an odd Hecke symmetry.
Computing the Euler character of K we conclude that P(t) is a reciprocal poly-
nomial. In particular, dimKr = 1.
The Hecke sum is a construction that allows one to construct a Hecke symmetry
from two given Hecke symmetries. This construction was rst studied by Gurevich and
by Markl{Majid [14] and Lyubashenko{Sudbery [12].
Let R0; R1 be two Hecke operators on the vector spaces V0 and V1, respectively,
and P be an invertible operator P : V1 ⊗ V0 ! V0 ⊗ V1 such that
P2P1R12 = R11P2P1; P1P2R21 = R22P1P2:
Let V = V0  V1 and R be an operator on V ⊗ V , whose restriction on V0 ⊗ V0; V1 ⊗
V0; V0 ⊗ V1 and V1 ⊗ V1 is R0; (q− 1)idV1⊗V0 + P; qP−1 and R1, respectively. Then R
is again a Hecke operator, which is closed i R0 and R1 are closed. Note that such
an operator P always exists, for example one can take it to be the usual permuting
operator.
Lyubashenko and Sudbery proved a remarkable fact that the Koszul complex as-
sociated to the Hecke sum of any two Hecke symmetries has the cohomology group
isomorphic to the tensor product of the cohomology groups of the complexes associated
to the last Hecke symmetries. Thus, if for any two Hecke symmetries one can dene
the homological determinant, so can one do for their Hecke sum. In particular, we can
apply this to the case of the Hecke sum of an odd and an even Hecke symmetry.
5.2. ([12]) For the Hecke sum of an even and an odd Hecke symmetry of rank m
and n, the cohomology group is concentrated at the term Km;n and is one-dimensional
over K.
Therefore, in the Hopf algebra associated to such a symmetry one can dene the
quantum super determinant and redene the Hopf algebra in terms of this element.
Since we deal with super symmetry, it is natural to assume that V = V0  V1 is
Z2-graded, i.e., a super vector space, V0 being the even part and V1 being the odd
part. Let R be the Hecke sum of R0 and R1 acting on V0 and V1 respectively, where
R0 is an even Hecke symmetry and R1 is an odd Hecke symmetry. In super geometry, a
rule of sign should be respected. Hence, the denition of ER and HR is slightly changed.
Namely, the relation on ER is (provided x1; x2; : : : ; xd is a homogeneous basis)
(−1)s^(i^+p^)Rklpszpi zsj = (−1)l^(q^+k^)zkqzlnRqnij ;
where i^ is the Z2-degree of xi, equal to 0 (resp. 1) if xi belongs to V0 (resp. V1).
As in the classical case, the quantum matrix Z is decomposed into block matrices
Z =

AB
CD

, where A(D) is quantum matrix associated to R0 (R1). Hence, for them
one can dene the quantum determinant. One can show that the matrices D − CA−1B
and A− BD−1C are also quantum matrices associated to R1 and R0, respectively. The
quantum super determinant Ber(Z) is shown to be equal to the product of the quantum
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determinants of A and (D − CA−1B)−1. The Hopf algebra HR can be shown to be
generated by ER and detq(A) and detq(B) [19].
We now compute ribbon dimension of certain HR simple comodules, namely its
simple comodules which are ER comodules. First we remark
5.3. ([7]) The natural map ER ! HR is injective.
Consequently, every simple ER-comodule is a simple HR-comodule. Recall that sim-
ple ER-comodules are parameterized by partitions  such that m+1  n, where (m; n)
is the bi-rank of R.
5.4. HR is a co-ribbon Hopf algebra.
Proof. To show the above fact we proceed as follows. First note that HR can be
considered as the co-End of the forgetful functor from the monoidal category generated
by V and R into VecK [22]. Thus, it is sucient to show that this category is ribbon.
Using the Hecke equation we can show that the morphism =((evV )⊗V )(V ⊗(
dbV )) is equal to d  idV ; d= q−1 − (1− q−1)rankq R [7], i.e.,  is a scalar morphism.
Thus we can dene the ribbon on V and then extend it to the whole category by its
denition. Namely, we have V⊗n = d−n=2R2wn , where wn is the longest element in Gn.
5.4 is proved.
Having a ribbon category, we can dene the ribbon dimension or quantum rank in
the natural way. As in the case of even Hecke symmetry, the ribbon dimensions of
quantum symmetric tensors are easy to compute. Since  is an isomorphism, d 6= 0.
Let x be such that rankq R=−[− x]q. Then d= q−x−1. First, we have
rdim(M(k)) = qk(x+1)=2trace(C⊗kXk):
Using the same method as in proving Eq. (4), we deduce
rdim(Sk) = q−k(x−1)=2
kY
i=1
[x + i − 1]q
[i]q
:
Using the determinantal formula (2) we deduce
5.5. The ribbon dimension of a simple ER comodule M is given by
rdim(M) = q−jj(x+1)=2+n()
Y
2[]
[x + c()]q
[h()]q
; (7)
the product being taken over all blocks of the diagram corresponding to .
To prove this equality we proceed as follows. Using (2), we can consider the
left-hand side as a polynomial on d = q−x−1. Thus, we have to show an identity
of two polynomials in d. Note however that for d being a positive power of q this
equality holds (in fact, it is nothing but (5)), hence it holds for any d.
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On the other hand, since M = 0 whenever m+1  n+ 1, its quantum rank should
also be 0, hence x should be integer.
5.6. The quantum rank of a Hecke symmetry has the form −[r]q for some integer
r; −m  r  n.
5.7. Conjecture The Koszul complex K has the cohomology group concentrated at
the term m; n with dimension 1 over K; where (m; n) is the bi-rank of R.
This conjecture implies immediately the fact that the quantum rank of a Hecke
symmetry of bi-rank (m; n) is equal to −[n− m]q.
The conjecture is veried for an even or odd Hecke symmetry and for their Hecke
sums in 5.1 and 5.2.
Let us check this conjecture for Takeuchi{Tambara’s Hecke operator, which is so far
the only Hecke symmetry that does not belong to the above types. First of all note that
this operator is closed and hence is a Hecke symmetry. The algebra R:=
L1
k=0 
k
R
can be characterized as the quotient of T (V ) by the ideal generated by Im(R + 1).
Thus, for R being Takeuchi{Tambara’s Hecke symmetry, the relations on R are 
11=
22 = 0. Recall that the relations on SR are f1f2 =f2f1 = 0. Thus, easy computation
shows that the cohomology of the bicomplex Km;n:=m ⊗ Sn with the dierential
dened as on page 8 is concentrated at the term (1; 1) and is one-dimensional.
5.8. Conjecture 5:7 holds for Takeuchi{Tambara’s Hecke symmetry.
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